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[1] Find  y` from the following:                                                                                               

(a) 𝑦 = 3𝑥−4 + 3sin 𝑥 +
1

2
        (b) 𝑦 = cosh 2𝑥 . sinh 𝑥2        (c) 𝑦 = tan 𝑥 . ln(2𝑥 + √3)   

(d) y = tanh−1x2 + sin−1x     (e) y = x√x + (sinh x)x      (f) y cos x + x sin y = 2 

(g) y =
√sin5x + sin x5 

√x+cos x
8

. √x+cosh x
4        (h) y = t2 + ln cos t,       x = t + tan−1 ln t 

 

[2](a)Find the following limits: 

(i) Lim 
x→0

x4 + sin4x

x5 + tan4x
               (ii) Lim

x→∞
(x − ln(1 + ex))           (iii) Lim 

x→
π
2

(sec x − tan x)  

  (b)Write the Maclurin’s  series of the function:   f(x) = x ln(2x + 1)  
  (c)Determine the maximum and minimum points of the functions:  

        f(x) = x. e−x ,     g(x) = 1 − x
2

3 ,     h(x) = x2 − 4 ln(x + 1). 

 

[3](a)Find the integrals: (i)
2

2 3/ 2

x dx

(4 x )


   

(ii) 2 1tan x xdx    (iii)
3 4cos sin x xdx  

    (b) Find the area bounded by: 
6

r
1 cos


 

  and  y-axis. 

    (c) Find the circumference of cardioid:  r a(1 cos )    

[4](a)Find the integrals:  (i)
5/ 2 3/ 2

1
dx

x (3x 1)
           (ii) 

2

sin x dx

cosx(1 cos x)
  

   
m 1

m
m m m-2

tan x
(b)If I tan xdx  show that I I

m 1



  


  

   (c)Find the volume generated by revolving the cycloid: x sin ,   y 1 cos        

     about  y – axis.  

   (d)Find the area of the surface of revaluation generated by revolving the hypocycloid   

        3 3x acos ,   y asin       about  x-axis.  
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Model Answer 

Answer of Question (1):   24   Marks 

(a) 𝑦` = −12x−5 − 3sin x. ln 3 . cosx 

 

 (b) 𝑦` = cosh 2x . cosh x2. 2x + 2 sinh 2x . sinh x2 

(c) 𝑦 = tan 𝑥 .
2𝑥 ln 2

2𝑥+√3
+ 𝑠𝑒𝑐2𝑥. ln(2𝑥 + √3)  (d) 𝑦` =

2x

1−x4
+

1

√1−x2
   

(e) 𝑦` = 𝑒√𝑥𝑙𝑛 𝑥 (
1

2√𝑥
ln 𝑥 +

√𝑥

𝑥
) +

              𝑒𝑥 𝑙𝑛 sinh 𝑥 (ln sinh 𝑥 + 𝑥
cosh 𝑥

sinh 𝑥
) 

 (f)  y` cos x − y sin x + sin y + x cos y. y` = 0 

  Then   y` =
y sin x−sin y

cos x+x cos y
 

 (g) ln 𝑦 =
1

2
ln(sin5x +  sin x5) −

                 
1

8
ln(x + cos x) −

1

4
ln(x + cosh x) 

Then 
𝑦`

𝑦
=

1

2

5sin4x .cos x+ cos x5.5x4

sin5x + sin x5
−

                 
1

8

1−sin x

x+cos x
−

1

4

1+sinh x

x+cosh x
 

  (h)  𝑦` =
2t+

− sin t

cos t

1+
1/t

1+(ln t)2

 

------------------------------------------------------------------------------------------------------------   

Answer of Question (2):  26  Marks 

(a)(i) Lim x→0
x4+sin4x

x5+tan4x
=

0

0
= Lim x→0

1+
sin4x

x4

x+
tan4x

x4

=
1+1

0+1
= 2 

  (ii) Limx→∞(x − ln(1 + ex)) = ∞ − ∞ = Limx→∞ ln[
ex

1+ex
] = Limx→∞ ln[

ex

ex
] = ln 1 = 0 

 (iii) Limx→
π

2
(sec x − tan x) = ∞ − ∞ = Limx→

π

2

1−sin x

cos x
= Limx→

π

2

cos x

− sin x
= 0 

(b) From   𝑓`(𝑥) = 𝑒−𝑥 − 𝑥𝑒−𝑥 = 0,  then x = 1. 

 Since  𝑓``(𝑥) = −2𝑒−𝑥 + 𝑥𝑒−𝑥, 𝑓``(1) = −𝑒−1 . Then the point  x = 1  is maximum. 

From   𝑔`(𝑥) = −
2

3
𝑥−

1

3 ≠ 0   and  𝑔`(0) = ∞  but  f(0) = 1. Then we test this point. 

Since  𝑔`(0−) = 𝑔`(−1) =
2

3
  𝑎𝑛𝑑  𝑔`(0+) =  𝑔`(1) = −

2

3
 

Then the point   x = 0   is maximum. 

From   ℎ`(𝑥) = 2𝑥 −
4

𝑥+1
= 0. Then  𝑥2 + 𝑥 − 2 = 0. Then  x = – 2,   x = 1. 

Since  𝑔``(𝑥) = 2 + 4(𝑥 + 1)−2 𝑎𝑛𝑑  𝑔``(1) = 3. Then the point   x = 1   is minimum. 

The point  x = – 2  is not critical because  h(–2)  is not real. 
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 (c)If  𝑦 = sech−1 𝑥. Then  x = sech y =
2

ey+e−y
. Then  x =

2ey

e2y+1
. 

Then  𝑥e2y − 2ey + x = 0. Then  ey =
1

2x
[2 ± √4 − 4x2] =

1

x
[1 ± √1 − x2] 

Then  y = ln [
1+√1−x2

x
] = ln[1 + √1 − x2] − ln x  

(d) Since   𝑓(0) = 0,  

        𝑓`(𝑥) = ln(1 + 2𝑥) +
2𝑥

1+2𝑥
= ln(1 + 2𝑥) + 1 −

1

1+2𝑥
  𝑎𝑛𝑑  𝑓`(0) = 0 

       𝑓``(𝑥) =
2

1+2𝑥
+ 0 +

2

(1+2𝑥)2
  𝑎𝑛𝑑  𝑓``(0) = 4 

       𝑓```(𝑥) = −4(1 + 2𝑥)−2 − 8(1 + 2𝑥)−3  𝑎𝑛𝑑  𝑓```(0) = −12 

      𝑓(4)(𝑥) = 16(1 + 2𝑥)−3 + 48(1 + 2𝑥)−4 𝑎𝑛𝑑  𝑓(4)(0) = 64 

Then  𝑓(𝑥) = 0 + 0𝑥 +
4

2!
𝑥2 −

12

3!
𝑥3 +

64

4!
𝑥4 + ⋯ 

-------------------------------------------------------------------------------------------------------- 

Dr. Mohamed  Eid 

-------------------------------------------------------------------------------------------------------- 

Answer  of Question (3):  25  Marks 

(i) 
2

2 3/ 2
(4 )

x dx

x
  Use trigonometric substitution put  2sinx 

2 2 2 22cos and 4sin , 4 4 4sin 2cosdx d x x              

2 2 2 2

2 3/ 2 2 3/ 2 2 3/ 2 3

2
2 2 1

2 2

(4sin ).(2cos ) (4sin .)(2cos ) 8 4sin cos

8(4 ) (4 4sin ) (4cos ) cos

sin
tan (sec 1) tan sin

2cos 4

x dx d d d

x

d x x
d d c c

x

        

  

 
     





  
 

        



   

  

 

-------------------------------------------------------------------------------------------------------- 

(ii) 2 1
tanx xdx


    Integrate by parts 

1 2

3

2

tan

1

31

u x dv x dx

dx
du let v x

x
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3
2 1 3 1 3 1

2 2

3 1 2 2 3 1 2 2

1 1 1 1
tan tan tan ( )

3 3 3 31 1

1 1 1 1 1 1
tan ln(1 ) tan ln(1 )

3 3 2 3 6 6

x dx x
udv x xdx x x x x x dx

x x

x x x x c x x x x c

  

 

      
 

 
          

 

   

 

-------------------------------------------------------------------------------------------------------- 

(iii) 3 4 2 4 2 4cos sin cos sin (cos ) (1 sin )sin (cos )x xdx x x xdx x x xdx      

4 2 3 1

3

1
(sin ) (sin ) )(cos ) (sin ) (sin )

3

1
csc csc

3

x x xdx x x c

x x c

   
    


  



 

-------------------------------------------------------------------------------------------------------- 

(b)  
6

1 cos
r 

 
 replace   by   we find that r  does not change which indicate that the 

curve symmetrical about x- axis then the required area given by 

/ 2 / 2 / 2
2

2 2 2
0 0 0 2

/ 2 / 2 / 2
4 2 2 2 2

2 2 2 2 2
0 0 0

/ 2/ 2
2 2 2 3

2 2 2 2 2
00

4

1 36 36
2

2 (1 cos ) (2cos )

36
sec 9 (sec )(sec ) 9 (sec )(1 tan )

4

2
9 (sec sec tan ) 9 2tan tan

3

2
9 2tan ta

3

A r d d d

d d d

d

  



  
    


    



  


  



 
      

   

 
    

 

 

  

  



3 2
n 4 9 2 24 square unit

3

   
     

   

 

Another solution 

6

1 cos
r 

 
  transfer the equation to the Cartesian form as following 

6
cos 6 substitute by cos 6 and

1 cos
r r r x r then r x 
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2 2 2 2 2

2 2 2 2

36 12 since

36 12 36 12

r x x r x y

x y x x y x

    

       
 

Which represent a parabola with intercept x-axis at x=3 and y axis at (0, 6)  

Required aria given by 

3 3 3
1/ 2 3/ 2 3

00 0

2 1 2 1
2 2 (36 12 ) 2( )( ) (36 12 ) 2( )( )( 6) 24

3 12 3 12
A ydx x dx x unit

         
    

Another solution 

The parametric equation is 

6cos 6sin
cos sin

1 cos 1 cos
x r and y r

 
 

 
   

 
 

2 2
22 2

2 2
2

2 2
2 2

2

6(cos sin )6cos
cos 3(1 tan )

1 cos 2cos

6(2sin cos )6sin
sin 6tan

1 cos 2cos

x r

y r

 




 















    



   


 

put 
2

tant   then        23(1 ) 6tx t and y      The curve bisect y axis at y=1 and y=-1 

1
31 1

0 0 0

2 2 6 ( 6 ) 2(36) 24
3

t
A ydx t t dx

 
     

 
 

   

Also we can construct the Cartesian equation    

2 2 21 1
3(1 ) 3 36 12

36 12
x y y y x        

-------------------------------------------------------------------------------------------------------- 

(c)    (1 cos ) sin
dr

r a a
d
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2
2 2 2 2 2 2 1

(1 cos ) sin (2 2cos )
2

dr
r a a a

d
  



 
      
 

 

2 2 2

2 22 2 2
2 2 2

00 0 0

2 (1 cos ) 4 sin
2

4 sin 2 sin 4 cos 8
2 2 2

a a

dr
L r a d a d a a

d

  




  
 



  

   
         

   
  

 

-------------------------------------------------------------------------------------------------------- 

Answer of Question (4):   25   Marks 

(a)  (i) 
5/ 2 3/ 2 5/ 2 3/ 2 3/ 2 4 3/ 2

1 1 1

3 1 3 1(3 1) ( ) ( )

dx dx dx
x xx x x x x
x x

 
 

    

Put 
3 1x

u
x


   then 

1
3u

x
      and  

1( 3)x u    by differentiate we have  

 
2( 3)dx u du       Substitute in the problem  

2 2 2

4 3/ 2 3/ 2 3/ 24 3/ 2

1 ( 3) ( 3) ( 6 9)

3 1 ( 3) ( ) ( ) ( )( )

u du u du u u
dx du

x u u u ux
x





   
  

 
     

 1/ 2 1/ 2 3/ 2 3/ 2 1/ 2 1/ 2

3/ 2 1/ 2 1/ 2

2
6 9 12 18

3

2 3 1 3 1 3 1
12 18

3

u u u du u u u

x x x
C

x x x

  



 
      

 

       
        

     



 

-------------------------------------------------------------------------------------------------------- 

(ii) 
2

sin

cos (1 cos )

x dx

x x
    

Put cosu x then sindu xdx    then becomes   
2 2

sin

cos (1 cos ) (1 )

x dx du

x x u u
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Resolve the fraction 
2

1

(1 )u u
 into its partial fractions   

2 2

1

(1 ) (1 )

A Bu C

uu u u


 

 
 

2

2 2

1 1
1 (1 ) ( ) 1, 1, 0

(1 ) (1 )

u
A u u Bu C then A B C and

uu u u
         

 
 

2
2 2

2 2

1 1
ln ln(1 ) ln ln 1 ln

2(1 ) (1 )

du du udu u
u u u u c

u uu u u


             

 
    

2

2

sin 1 cos
ln

coscos (1 cos )

x dx x
c

xx x


 


  

-------------------------------------------------------------------------------------------------------- 

(b) 2 2 2 2tan tan tan tan (sec 1)m m m
mI xdx x xdx x x dx        

 
1 1

2 2 2 2
2

tan tan
tan sec tan tan

1 1

m m
m m m

m
x x

x x x dx xdx I
m m

 
  

     
 

   

-------------------------------------------------------------------------------------------------------- 

(c) 
2 2

0 0

2 2 ( sin )(1 cos )(1 cos )
t t

t t

V xydx d
 

      
 

 

       

2
2 2

0

2
2 2 3 3

0

2 ( 2 cos cos sin 2sin cos cos sin )

3 1 1 1 1
2 2( sin cos ) ( sin 2 cos2 ) cos sin cos 6

4 2 2 4 3

t

t

d




           

           





     

 
         

 



 

-------------------------------------------------------------------------------------------------------- 

(d) We shall  use 
2 2

2
b

x
a

dx dy
S y d

d d
 

 

   
    

   
   

since  3 3cos , sinx a y a     then 
2 23 cos sin , 3 sin cos

dx dy
a a

d d
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2 2
2 4 2 2 4 2 2 2 29 cos sin 9 sin cos 9 sin cos

dx dy
a a a

d d
     

 

   
      

   
 

 

2 2
3 2 2 2 2 4

2 2 / 2
2 4

0

2 2
/ 2

0

sin 9 sin cos 3 sin cos

2 2(2 ) 3 sin cos

12 12
sin5

5 5

b

x
a

dx dy
y a a a

d d

dx dy
S y d a d

d d

a a





    
 

     
 

 


   
     

   

   
      

   

 

   

-------------------------------------------------------------------------------------------------------- 

Dr. Fathi Abdessalam 


